he possible formation of tensor condensates originated from a tensor-type interaction between quarks is investigated in the three-flavor Nambu-Jona-Lasinio model including the Kobayashi-Maskawa-'t Hooft interaction, which leads to flavor mixing. It is shown that independent two tensor condensates appear and a tensor condensate related to the strange quark easily occurs by the effect of the flavor mixing compared with one related to light quarks. Also, it is shown that the tensor condensate related to the strange quark appears at a slightly smaller chemical potential if the Kobayashi-Maskawa-'t Hooft interaction is included, due to the flavor mixing effect. It is also shown that the two kinds of tensor condensates may coexist in a certain quark chemical potential due to the flavor mixing. §1. Introduction
which includes a tensor-type four-point interaction and/or the vector-pseudovectortype four-point interaction between quarks, is introduced to investigate the possible formation of a tensor condensate and/or pseudovector condensate, which may lead to the quark spin polarization. 13)-18), 21)-23), 28) If the quark spin polarization gives rise to spontaneous magnetization in quark matter, it may give origin to the strong magnetic field of compact stars such as neutron stars and magnetars. 29) In this paper, we concentrate on the spin polarization due to the tensor condensate originated from the tensor interaction between quarks in an extended NJL model. In our previous paper in 19) , 20) , 30) , the spin polarization due to the tensor condensate has been investigated widely in the case of the two-flavor NJL model. In this paper, we extend our previous work to the case of three-flavor NJL model. Previously, we have examined a possibility of conflict and/or coexistence of both the tensor condensate and the color-flavor locking condensate. 17) In three-flavor case, we have shown that two typical tensor condensates, which we name as F 3 (= ψ Σ 3 λ 3 ψ ) and F 8 (= ψ Σ 3 λ 8 ψ ), appear, where Σ 3 and λ a are, respectively, the spin matrix with the third component (z-component) and the Gell-Mann matrices for a = 1, ..., 8 or the identity matrice times 2/3 (a = 0). Also, a conjecture that F 8 = F 3 / √ 3 is satisfied was given. However, in that paper, we have neglected both the flavorsymmetry breaking and the flavor mixing. If the flavor-symmetry is broken, the relation F 8 = F 3 / √ 3 is not valid. In a recent paper, 31) a spin polarization due to a tensor-type interaction in 2 + 1 flavor NJL model has been investigated. The authors have introduced the two tensor condensates F 3 and F 8 correctly. However, they have assumed F 8 = F 3 / √ 3 in most part of their analysis for numerical simplicity, while they have treated F 8 and F 3 independently only in the final part of their paper. As was previously mentioned, the approximate condition F 8 = F 3 / √ 3 is valid in the chiral limit, i.e. if all the current quark masses are zero. Thus, we reanalyze the possible formation of the tensor condensates in 3-flavor cold quark matter at finite density. In three-flavor case, it is well known that the quark-flavor mixing occurs through the six-point interaction between quarks in the NJL model. This interaction is called the Kobayashi-Maskawa-'t Hooft interaction or the determinant interaction. 32), 33) Thus, in this paper, we especially focus our attention on the effects of the flavor symmetry breaking and the flavor mixing through the Kobayashi-Maskawa-'t Hooft interaction on the tensor condensates.
This paper is organized as follows: In the next section, the mean field approximation for the NJL model with tensor-type four-point interaction between quarks is given. Then, both the quark and antiquark condensate, namely chiral condensate, and the two-type tensor condensates are introduced and further, the thermodynamic potential is evaluated at zero temperature with finite quark chemical potential. Both the condensates are treated self-consistently by means of the gap equations. In section 3, the solutions of the gap equations are numerically given and the behaviors of the tensor condensates and the dynamical quark masses related to the light quarks (u and d quarks) and the strange quark are investigated. The last section is devoted to a summary and concluding remarks. §2. Mean field approximation for the Nambu-Jona-Lasinio model with tensor-type four-point interaction between quarks Let us start from the three-flavor Nambu-Jona-Lasinio model with tensor-type 14), 15) four-point interactions between quarks. The Lagrangian density can be expressed as
where m 0 represents a current quark mass matrix in flavor space as follows :
Here, L T represents a four-point tensor interaction between quarks in the three-flavor case which preserves chiral symmetry. Also, L D represents so-called the Kobayashi-Maskawa-'t Hooft or the determinant interaction term which leads to the six-point interaction between quarks in the three-flavor case. In this paper, we introduce minus sign in L D in which we take G D > 0 from the beginning. Hereafter, we treat the above model within the mean field approximation and ignore non-diagonal components of the condensates in a flavor space. Therefore, terms in the summation over a are restricted to the diagonal entries with a = 0, 3 and 8 in L S :
Here, Γ means products of any gamma matrices or unit matrix. Also, in the determinant interaction term, L D , the same approximation is adopted, namely, the off-diagonal matrix elements in the flavor space are omitted:
Secondly, in order to consider the spin polarization under the mean field approximation, the tensor condensate qγ 1 γ 2 q and qγ 2 γ 1 q are considered in L T because γ 1 γ 2 = iΣ 3 . Here,
where σ 3 represents the third component of the Pauli matrix. Thus, we consider two tensor condensates under the mean field approximation as
For each quark flavor, the tensor condensates are reexpressed as
Of course, the chiral condensatesshould be taken into account. We introduce the dynamical quark masses M f without the determinant interaction term by using the chiral condensates as
These expressions are only valid if the mixing term is not considered. Thus, under the mean field approximation, the Lagrangian density (1) reduces to
where f = u, d or s and
where M q represents the constituent quark mass matrix with the flavor mixing due to the determinant interaction term. Introducing the quark chemical potential µ in order to consider a quark matter at finite density, the Hamiltonian density can be obtained from the mean field Lagrangian density as
where N represents the quark number density, ψ † ψ.
Let us derive the effective potential or the thermodynamic potential at zero temperature. The Hamiltonian density (11) can be rewritten as
In order to obtain the eigenvalues of the single-particle Hamiltonian h T , namely the energy eigenvalues of single quark, it is necessary to diagonalize h T , the eigenvalues of which can be obtained easily as
where η = ±1. Thus, we can easily evaluate the thermodynamic potential with the above singleparticle energy eigenvalues. Then, the thermodynamic potential Φ can be expressed as
where α represents the color degree which leads to numerical factor N c (= 3). Here, θ(x) represents the Heaviside step function. The first and second lines in (15) represent the positive-energy contribution of quarks and the vacuum contribution, respectively.
To determine the chiral condensates or the dynamical quark masses M f and the tensor condensates F 3 and F 8 , the gap equation is demanded as
In this section, let us derive numerical results and give discussions about the effects of the flavor mixing .
First, we summarize the parameter sets with/without the determinant interaction which we call Model I/Model O, respectively. When we calculate the thermodynamic potential in (15) , a regularization scheme is necessary because the vacuum contribution in the second line in (15) gives the divergent contribution. Here, we adopt the three-momentum cutoff scheme and introduce the three-momentum cutoff Λ. In Model O, which does not include the determinant interaction, the parameters are given so as to reproduce the pion decay constant and dynamical quark masses or pion mass and kaon mass. As for the tensor-type interaction, this interaction should be derived from a two-gluon exchange interaction in QCD. 19) However, since the NJL model cannot be derived from the QCD Lagrangian directly, we adopt G T as a free parameter in this model. If we assume that the tensor-type interaction term is derived by the Fierz transformation of the scalar-type four-point interaction term, G(ψψ) 2 , in the NJL model, we can obtain the relationship G T = 2G S . On the other hand, the value of G T can be determined by the vacuum properties of pion and ρ meson as in Ref. 34) . Since, in the following, we discuss the system at finite density, this treatment may not be adequate. Thus, we treat G T as a free parameter. Similarly, in Model I in which the determinant interaction G D is introduced, the model parameters are determined so as to reproduce the masses of eta and eta prime mesons adding to pion and kaon masses and the pion decay constant. 26) a negative sign. In this case, first, at µ ≈ 0.41 GeV, F 3 appears, which is represented by green triangle in Fig.1 . At µ ≈ 0.532 GeV, F 3 suddenly disappears. Instead of F 3 , the condensate F 8 appears from µ ≈ 0.532 GeV and above it, which is represented by magenta circle in Fig.1 . Thus, we conclude that two tensor condensates F 3 and F 8 does not coexist. Therefore, the relation F 8 ≈ F 3 / √ 3 should not be demanded. In Fig.2 , the tensor condensates for each flavor, F u (blue diamond), F d (pink square) and F s (orange circle) are depicted. As is seen in Fig.2 , F u = −F d is satisfied from µ ≈ 0.41 to 0.532 GeV in which only F 3 appears. Above µ ≈ 0.532 GeV, F u = F d and F s = 2F u are satisfied. Figure 3 shows the constituent quark masses for M u (= M d ) (blue triangle) and M s (violet circle), respectively. At µ ≈ 0.34 GeV, the light quark masses decrease. At µ ≈ 0.53 GeV, the strange quark mass decreases, but above µ ≈ 0.53 GeV, the strange quark mass is not so changed. If F 8 is set to 0, the strange quark mass decreases above µ ≈ 0.55 GeV. Thus, it is shown that the tensor condensate with respect to the strangeness, F s leads to an almost constant strange quark mass and to the delay of the restoration of chiral symmetry for strangeness sector. Figure 4 shows the contour plots of the thermodynamic potentials as (a) µ = 0.30 Fig.4 . At µ = 0.30 GeV, the tensor condensates does not appear, F 3 = F 8 = 0. Around µ = 0.40 GeV, F 3 begins to appear. From Fig.4 (b) , (c) and (d), the region from µ ≈ 0.4 to 0.53 GeV, the tensor condensate F 3 is non zero for the equilibrium configuration. However, at µ ≈ 0.54 GeV, F 3 disappears and F 8 appears.
Case of no flavor mixing (Model O)

Case of flavor mixing (Model I)
Next, we discuss the numerical results with flavor mixing due to the determinant interaction. This interaction leads to the important U A (1)-anomaly and the eta and eta prime mesons are well described. 32), 33) Figure 5 shows two possible tensor condensation F 3 and F 8 as a function of the quark chemical potential µ with the determinant interaction (Model I) which leads to the flavor mixing. We also plot |F 8 | because F 8 has a negative sign. In this case, first, at µ ≈ 0.48 , F 3 (green triangle ) appears. At µ ≈ 0.508 GeV, F 8 suddenly appears and until µ ≈ 0.52 GeV, F 3 and F 8 coexist. Above µ ≈ 0.52 GeV, F 3 disappears and only F 8 remains. In Fig.6 , the tensor condensates for each flavor, F u = F d and F s = 2F u are satisfied now. This behavior is originated from the flavor mixing, while this behavior does not seen in the no flavor mixing case. The fact that two tensor condensates coexist is shown by the absolute value of the thermodynamic potential. Figure 7 shows the value of the thermodynamic potential. The dashed line represents the value of the thermodynamic potential with F 3 only. The solid line represents the case with F 3 = 0 and F 8 = 0, namely, the value of the thermodynamic potential in which two tensor condensates coexist. Until µ ≈ 0.507 GeV, the thermodynamic potential with only F 3 = 0 is lower than the coexistence case of F 3 = 0 and F 8 = 0. However, at µ ≈ 0.5075 GeV, the situation is reversed. Above µ ≈ 0.508 GeV, the coexistence of F 3 and F 8 is preferred. Figure 8 shows the strange quark mass has a small gap and the light quark mass has a fine structure. This is due to the flavor mixing through the constituent quark masses M f . Above µ ≈ 0.508 GeV, the strange quark mass gradually decrease. This is originated from the appearance of the tensor condensate F 8 , namely F s , as is seen in Fig.3 . Thus, this behavior is not originated from the effect of the flavor mixing. . Figure 9 shows the contour plots of the thermodynamic potentials as (a) µ = 0. potential decreases as the color becomes darker in Fig.9 . At µ = 0.30 GeV, the tensor condensates do not appear, F 3 = F 8 = 0. Around µ = 0.48 GeV, F 3 begins to appear. At µ ≈ 0.50 GeV, F 3 has a finite value while F 8 = 0. However, at µ ≈ 0.51 GeV, F 8 begins to take a finite value adding to F 3 . The detailed behavior at µ = 0.51 GeV is shown in Fig.9 (e). In (e), two local minima are seen. One is at the position with F 3 ≈ 0.15 GeV and F 8 = 0 and the other is at F 3 ≈ 0.02 GeV and F 8 ≈ 0.19 GeV. As is indicated in Fig.7 , the right local minimum with F 3 = 0 and F 8 = 0 is a true minimum of the thermodynamic potential. Thus, there exists a region where the two tensor condensates coexist due to the effect of the flavor mixing. §4. Summary and concluding remarks
The possible formation of tensor condensates in three-flavor cold quark matter has been investigated taking the Nambu-Jona-Lasinio model with the tensor-type four-point interaction as an effective model of QCD. In the three flavor case, it is necessary to consider the U A (1) anomaly which is incorporated in the Kobayashi-Maskawa-'t Hooft interaction or so-called determinant interaction with six-point interaction between quarks. In our previous work, 17) the tensor condensates has been investigated against the color-flavor locked state which leads to a color superconducting phase. In that paper, we showed that two tensor condensates may appear which we denote by F 3 and F 8 . Besides, we have treated only the three-flavor system in the chiral limit, namely all current quark masses being zero. As a result, the two condensates were related with each other, namely F 8 = F 3 / √ 3, when all the current quark masses are the same. In Ref. 31 ), the tensor condensates has also been considered within the three-flavor NJL model with tensor interaction and the determinant interaction. However, almost all results have been obtained under the ansatz of
In the present study, we did not consider this last approximation. Instead, we have estimated both tensor condensates independently within the threeflavor NJL model with tensor interaction. In both the cases of the flavor mixing due to the determinant interaction and no flavor mixing, we have reinvestigated the cold quark matter with the finite quark chemical potential. We have confirmed that the ansatz of F 8 = F 3 / √ 3 is not valid except for the case of chiral limit. Focusing on the determinant interaction in the three-flavor NJL model, which leads to the quark-flavor mixing, we have investigated the effect of flavor mixing on the two types of the tensor condensates and dynamical quark masses. As a result, the quantities related to the strange quark are affected by the determinant interaction, especially the behavior of the dynamical quark mass as a function of the quark chemical potential, while the quantities related to the light quarks are hardly affected. The tensor condensate related to the strange quark occurs at a rather small quark chemical potential compared with the case of no flavor mixing, namely, the case without the determinant interaction. The different behavior of the quark masses, which depend strongly on the presence of the determinant interaction, is the cause of this result. These behaviors are the same as the ones seen in the pseudovector condensates and the dynamical masses with pseudovector interaction and the flavor mixing. 12) Under the model parameters used in this paper, the tensor condensate for light quarks and one for the strange quark coexist in a certain region of the quark chemical potential. On the other hand, if the flavor mixing is switched off, the coexistence region disappears. Thus, it is regarded as the effect of the flavor mixing.
The tensor condensates may lead to quark spin polarization. Therefore, to clarify the magnetic properties such as the spontaneous magnetization and magnetic susceptibility, it is interesting to investigate this problem in future studies. Further, the implication to the compact stars such as neutron stars and magnetars should be investigated by assuming the existence of the tensor condensates, related to the light quarks and the strange quark, while we have investigated the effect of the tensor condensate on the radius-mass relation of the hybrid quark star in the two-flavor case. 30) This may be interesting future problem.
